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A DECOMPOSITION OF THE CURVATURE TENSOR
ON SU(3)/T(k,1) WITH A SU(3)-INVARIANT METRIC

HEUI-SANG SON*, JOON-SIK PARK**, AND YONG-SOO Pyo***

ABSTRACT. In this paper, we decompose the curvature tensor (field)
on the homogeneous Riemannian manifold SU(3)/T(k,l) with an
arbitrarily given SU (3)-invariant Riemannian metric into three cur-
vature-like tensor fields, and investigate geometric properties.

1. Introduction

Let (V,< , >) be an n-dimensional real inner product space. In
this paper, we use the notion of a curvature-like tensor of type (1,3) on
(V,<, >) (cf. (2.1)). We put

L(V):={L | L is a curvature-like tensor on (V, <, >)},
L1(V):={L e &V) | L(u,v) =cuAwv for u,v € V and some c € R},
L,(V) :={L € £(V) | the Ricci tensor Ricy, of L is zero},
Lo(V):={Le & (V) | <L, L' >=0forall L' € £,(V)}.

Then £(V) is decomposed into the orthogonal direct sum £;(V) &
L,(V)® L2(V). Let L = Ly + L, + Ly (L € £(V)) be the decom-
position corresponding to £1(V) & £,(V) & £2(V). The component L,
of L € £(V) is said to be the Weyl tensor of L. The curvature-like
tensors Ly, Ly, Ly of L = L1+ L, + Lo € £(V) are given in terms of the
Ricci tensor Ricy, and the scalar curvature Sz, of L (cf. Lemma 2.1).

In this paper, using Lemma 2.1 we decompose the curvature tensor on
the homogeneous Riemannian manifold (SU(3)/T'(k,1), g(x; x,14)) intO
three curvature-like tensor fields. On the manifold SU(3)/T(k,1), we
deal with an arbitrary SU(3)-invariant Riemannian metric g = g(x, x,,x,)-
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Geometric properties on SU (3)/T'(k, ) have been studied by many math-
ematicians (cf. [1, 6, 9, 10]).

Now, let R be the curvature tensor (field) on the homogeneous mani-
fold (SU(3)/T (k,1), g(a;,20,05))> and R = RW + R+ R® the orthogonal
decomposition of the curvature tensor R corresponding to

LTo(G/H)) = L1(To(G/H)) ® £,(To(G/H)) & L2(T,(G/H))

(cf. Lemma 2.1), where G := SU(3), H :=T(k,l) and O := {T(k,l)}.
Let m be the subspace of su(3) such that

B(m, t(k,1)) = 0 and Ad(h)m c m  (h € T(k, 1)),

where su(3) is the Lie algebra of SU(3), B is the negative of the Killing
form of su(3), t(k,[) is the Lie algebra of T'(k,l), and Ad is the adjoint
representation of SU(3) on su(3).

In this paper, we represent the curvature-like tensors RV, R¥ and
R® in the orthogonal decomposition R = R + R* + R® (¢ £(V) @
L£u(V) @ £2(V)) of the curvature tensor R on (SU(3)/T(k,1), g(x, rz,0s))
for (k,1) € D, where

D =172\ {(0,1), (£,0), (1, 1), (t, —t), (t, —2t), (2t, —t) | t € R}

(cf. Theorem 4.3). And then, under the condition (k,1) € D C Z?, we
obtain the Ricci tensor Ric® of the component R?) of the curvature
R = RW4+ R+ R® on the homogeneous space (SU(3) /T (k, 1), IO Ae0s))
(cf. Corollary 4.4). Furthermore, we estimate the Ricci curvature ()
of the curvature-like tensor R (cf. Proposition 4.5).

2. Preliminaries

Let (V, <, >) be an n-dimensional real inner product space and gl(V)
the vector space of all endomorphisms of V. We denote by £(V') the
vector space of all tensors of type (1,3) on V which satisfy the following
properties:

L:VxV = gl(V)
is an R-bilinear map such that, for all vy, v9,v3,v4 € V,
(2.1)
< L(vi,v9)v3,v4 > — < L(vg,v1)v3, 04 >= — < L(v1,v2)v4,v3 >,
< L(vy,v2)v3,v4 > + < L(ve,v3)v1,v4 > + < L(v3, v1)v2,v4 >= 0.
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A tensor L € £(V) (of type (1,3) on (V,< , >) which satisfies the
condition (2.1)) is called a curvature-like tensor (cf. [3. 4]). If L € £(V),
then we get from (2.1)

(2.2) < L(v1,v2)vs,v4 >=< L(vs,v4)v1,v2 > (v1,v2,03,04 € V).

From now on, let {e;}! ; be an orthonormal basis of (V,< , >). The
Ricci tensor Ricy, of type (0,2) with respect to a curvature-like tensor

L on V is defined by
(2.3) Ricp(v,w) = Z < L(ej,v)w,e; > (v,w € V).
i=1

The Ricci tensor Ricp, of type (1,1) with respect to L € £(V) is defined
by

(2.4) < Ricp,(v),w >= Ric(v,w) (v,w e V).
For L € £(V), we obtain from (2.1) ~ (2.4)
Ricr,(v,w) =< Ricr,(v),w >= Ricr,(w,v) =< Ricg(w),v >

for v,w € V.
The trace of Ricy, for L € £(V)

(2.5) Sy, = Z < RicL(ei),ei >= Z < L(ej,ei)ei,ej >

i=1 ij=1
is called the scalar curvature with respect to L € £(V'). The sectional
curvature Kp, (o) (L € £(V)) for each plane o = {v, w}gr(C V) is defined
by

< L(v,w)w,v >
K (o) = (v, w) 5
<vu>S<ww>— < v,w >
In general, the inner product <, > on £(V) is defined by

n
(2.6) <L L >= Y Lyl Ly,
i,5.k,1=1

where Lijkl =< L(ej, ej)e, e >.
Let £1(V) be the subspace of £(V') which consists of all elements
L € £(V') such that

L(v,w) =cv Aw for v,w € V and some ¢ € R.
Here v A w is an element of gl(V') which is defined by

vAw:V3zr— (vAw)(z) =<w,z>v—<v,z>weV.
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We put
LVt ={Le (V)| <L, L' >=0forall L' € £(V)}.

Then £,(V)*+ = {L € £(V) | Sp = 0}. In fact, for L € £(V) and
L' € £,(V), we get from (2.5) and (2.6), and the definition of £ (V)

(2.7) < L,L' >=2¢ Sy,
where L'(v,w) = cv A w for some ¢ € R. From (2.7), we obtain the
following;
<L L >=0forall L'’ € £(V) <= 2c Sy =0forallceR
<~ S =0.
Putting
{Le g (V)| Ric, =0} =: £,(V)
and
{(Le &y (V)T | <L, L' >=0forall LI € £,(V)} =: £o(V),
we get the orthogonal direct sum decomposition of £(V') as follows:
LV)=L1(V) @ Lu(V) @ L2(V).
Putting together the results above, we obtain the following (cf. [5,
Chapter 5])

LEMMA 2.1. Let V be an n(> 3)-dimensional real inner product space
and L € £(V). Then components L1 € £1(V), L, € £,(V) and Ly €
£5(V) of L(= L1 + L, + L) are given as follows:

Ly(u,v) :n(:iu wnw,
y Lo, v) :%2 {RicL(u) A+ 1A Rieg (v) — % u/\v} ,
= Lo(u,v) =L(uw) — ﬁ{RicL(u)/\iju/\RicL(v)}
+ (n—lf(Ln—2) A,

Proof. The fact that Lq, La, L, appeared in (2.8) belong to £(V) is
easily verified. And, L = L{ + L., + Lo. Moreover from straightforward
computations we get

SLQ =0, RiCLW =0, <UL L,>=0.
Thus the proof of Lemma 2.1 is completed. ]
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3. Inequivalent isotropy irreducible representations in
SU3)/T(k,I)

3.1. Isotropy irreducible representations

Let G be a compact connected semisimple Lie group and H a closed
subgroup of G. The homogeneous space G/H is reductive, that is, in
the Lie algebra g of G there exists a subspace m such that g =h+m
(direct sun of vector subspaces) and Ad(h) m C m for all h € H, where
b is the subalgebra of g corresponding to the identity component H, of
H and Ad(h) denotes the adjoint representation of H in m.

Let 7, (x € G) be the transformation of G/H which is induced by x.
Taking differentials of 7, at p, :== {H} (€ G/H), we obtain the fact that
the tangent space T, (G/H) = m is Ad(H )-invariant. The homogeneous
space G/H is said to be isotropy irreducible if (T, (G/H),Ad(H)) is an
irreducible representation.

3.2. Inequivalent isotropy irreducible summands in
SU(3)/T(k,1)

Here and from now on, without further specification, we use the fol-
lowing notations:

G = SU(3), g:the Lie algebra of SU(3), i=+—1,

T =T(k,1) = {diag[e*™™? ™0 ¢=27i(k+D0 | g ¢ R} for (k1) € Z2
and |k| +|I| # 0,

t(k,1) : the Lie algebra of T'(k,1), ~ = k*+ kl + 2,

(X,Y)o=B(X,Y)=—6 Trace(XY), X,Y € g: the negative of
the Killing form of g.

Let Ej;; be a real 3 x 3 matrix with 1 on entry (¢, ) and 0 elsewhere.
And we put

1

1
X1 = —(Bio— Ba1),  Xo— ——(Fa+ Ea),
1 \/ﬁ( 12— E91) 2 \/ﬁ< 12+ E21)
1 7
3.1 X3 = —(F13— FE31), X4 = —(Fi13+ FE31),
(3.1) 3 \/ﬁ( 13 31) 4 \/ﬁ( 13 31)
1 7
X5 = ——(Eas — Eg),  Xo = ——(Eas + Esn),
5 \/ﬁ( 23 32) 6 \/ﬁ( 23 32)
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)
\/ 367y
1
Xg = —= diaglk,l,—(k + 1)].
8 \/mlag[a7(+)]

X7 = diag|(k + 21), —(2k + 1), (k — 1),

Then
{Xla T ’X7} (resp. {XS})

is an orthonormal basis of m (resp. t(k,[)) with respect to (-, -)g such
that

g =m+ t(k,l) and (m,t(k,1))o = 0.

If we put { X1, Xo}r=my, {X3, X4}r=m2, {X5, X¢}r=m3, and {X7}r=
my, then m; are irreducible Ad(T')-representation spaces.

In general, two representations (u1, V1) and (pe, Vo) of a Lie group G
are called equivalent if there exists a linear isomorphism p of Vi onto V5
such that p o pi(x) = pa(z) o p for all x € G.

Park obtained the following

THEOREM 3.1. ([9]) Assume that |k| + |l| # 0 (k,l € Z). Then a
necessary and sufficient condition for (m;, Ad(T'(k,1))) (i =1,2,3,4) to
be mutually inequivalent is

k40, 1#£0, k%, k#-20 and | # —2k.

4. A decomposition of the curvature tensor on SU(3)/T'(k,!)
with an arbitrarily given SU(3)-invariant Riemannian met-
ric

4.1. The curvature tensor field on a homogeneous Riemann-
ian space

Let G be a compact connected semisimple Lie group and H a closed
subgroup of G. We denote by g and h the corresponding Lie algebras of
G and H, respectively. Let B be the negative of the Killing form of g. We
consider the Ad(H )-invariant decomposition g = h+m with B(h, m) = 0.
Then the set of G-invariant symmetric covariant 2-tensor fields on G/H
can be identified with the set of Ad(H)-invariant symmetric bilinear
forms on m. In particular, the set of G-invariant Riemannian metrics on
G/H is identified with the set of Ad(H)-invariant inner products on m
(cf. [2, 5, 8, 9]).

Let < , > be an inner product which is invariant with respect to
Ad(H) on m, where Ad denotes the adjoint representation of H in g.
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This inner product < , > determines a G-invariant Riemannian metric
g<,>on G/H.

For the sake of the calculus, we take a neighborhood V' of the identity
element e in G and a subset N (resp. Ng) of G (resp. H) in such a way
that

(i) N=Vnexp(m), Ng=Vnexp(h),

(ii) the map N x Ng 3 (¢,h) — ch € N - N is a diffeomorphism,

(iii) the projection 7 of G onto G/H is a diffeomorphism of N onto a
neighborhood 7 (V) of the origin {H} in G/H. Here, {exp(tX) |t €
R} for X € g is a 1-parameter subgroup of G.

Now for an element X € m, we define a vector field X* on the neigh-
borhood 7(N) of {H} in G/H by

X* ) = (TC)*X{H} € Tﬂ-(c)G/H (C € N),

m(c
where 7, denotes the transformation of G/H which is induced by c. Let
{X;}i be an orthonormal basis of the inner product space (m,< , >).
Then {X;}; is an orthonormal frame on 7(N)(C G/H).

On the other hand, the connection function « (cf. [7, p.43]) on m x m
corresponding to the invariant Riemannian connection of (G/H, g« | )
is given as follows (cf. [7, p.52]):

a(X,Y)=-[X,Y]u+UX,Y) (X,Y em),

1
2
where U(X,Y) is determined by

2<UX)Y), Z>=<[Z,X],,Y >+ < X,[Z2)Y], >

for X,Y,Z € m, and X, denotes the m-component of an element X €
g = h+m. Let V be the Levi-Civita connection on the Riemannian mani-
fold (G/H,g< ,>). Thenon 7(N) (Vx-Y™*)my = a(X,Y) (X,Y €m).
Moreover, the expression for the value at p, := {H}(€ G/H) of the
curvature tensor field is as follows (cf. [7, p.47]):

R(X7 Y)Z - CK(X, CE(Y, Z)) - a(}/’ CK(X, Z))
1) —allX,Y]n 2) ~ [[X.Y]p. 7] (X.Y,Z € m),
where Xy, (resp. Xj) denotes the m - component (resp. h -component)
of an element X € g =h + m.

In general, the Ricci tensor field Ric of type (0,2) on a Riemannian
manifold (M, g) is defined by

(42)  Ric(Y,Z) =Trace {X — R(X,Y)Z} (X,Y,ZeX(M)).
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Let {Y;}; be an orthonormal basis of the inner product (m, <, >).
Since the group G is unimodular, we obtain the fact (cf. [2, p.184]) that

(4.3) S ULy =o.
J

Using (4.1), (4.2) and (4.3), we obtain the following expression (cf. [2,
p.184-185]) for the value at p, of the Ricci tensor field Ricon (G/H, g< | >):

1 1
Rie(Y,Y) = = 5 3 < [V, Vjlm [V Viln > + 5BOY)
J

(4.4) 1
2
27‘7
for Y € m, where B is the negative of the Killing form of the Lie algebra
g.

4.2. Ricci tensor fields on inequivalent isotropy irreducible
homogeneous spaces

We retain the notation as in Section 4.1. The set of G-invariant
symmetric tensor fields of type (0,2) on G/H can be identified with the
set of Ad(H )-invariant symmetric bilinear forms on m. In particular, the
set of G-invariant metrics on G/H is identified with the set of Ad(H)-
invariant inner products on m.

Let (, )o be an Ad(G)-invariant inner product on g such that (m, h), =
0. For the sake of simplicity, we put ( , ), = B. Let m = my +
.-+ 4 m, be an orthogonal Ad(H)-invariant decomposition of the space
(m, B) such that Ad(H)p, is irreducible for i = 1,...,q, and assume
that (m;, Ad(H)) are mutually inequivalent irreducible representations.
Then, the space of G-invariant symmetric tensor fields of type (0,2) on
G/H is given by

{MBlwy + -+ AgBlum, | A1, .., A € R},
and the space of G-invariant Riemannian metrics on G/H is given by
(4.5) {MBlwy + -+ AgBlw, | A1 >0,...,7; > 0}.

In fact, for an arbitrarily given Ad(H )-invariant inner product < , > on
m, we have <, > |n, = AiB|m, on each m; by the help of Shur’s lemma
([cf. [12, 13]), and < m;,m; >= 0 for 4, (i # j) since (m;, Ad(H)) are
mutually inequivalent (cf. [8, 9, 11]).

Note that the Ricci tensor field Ric of a G-invariant Riemannian
metric on G/H is a G-invariant symmetric tensor field of type (0,2) on
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G/H, and we identify Ric with an Ad(H )-invariant symmetric bilinear
form on m. Thus, if (m;, Ad(H)) are mutually inequivalent irreducible
representations, then Ric is written as

(4.6) Ric = y1Blwm; + - + y¢Blm,
for some y1,...,y4 € R.

4.3. The Ricci tensor field and the scalar curvature on
SU(3)/T(k,l) with an arbitrarily given SU(3)-invariant
metric

We retain the notation as in Section 4.2. In this section, we as-
sume that the isotropy irreducible representations (m;, Ad(T'(k,1)) (i =
1,2,3,4; k,l € Z) are mutually inequivalent. For the sake of simplicity,
we put

D =72\ {(0,1), (t,0), (t,1), (t, —1), (t, —2t), (2t, —t) | t € Z}.

Let ( , )o be the negative of the Killing form of su(3), and < , >
an arbitrarily given Ad(7T'(k,[))-invariant inner product on m. By Theo-
rem 3.1, we obtain the fact that the isotropy irreducible representations
(mi, Ad(T'(k, 1)) (i =1,2,3,4; k,l € Z) are mutually inequivalent if and
only if (k,1) in T'(k, 1) belongs to D. Since (m;, Ad(T'(k,[)) are mutually
inequivalent, for the inner product < , > on m there are corresponding
positive numbers A1, A2, A3 and A4 such that

{X1/VM = Y1, Xo/\/A = Ys, Xz/\/Ay=:Ys,
(4.7) Xa/ Ve =Yy, Xs/\/As=Ys, Xe/\/As =Y,
X7/ A =: Y7}

is an orthonormal basis of m with respect to the inner product < , >, by
virtue of (3.1), Theorem 3.1 and (4.5). This inner product < , > deter-
mines a SU (3)-invariant Riemannian metric g(x, x, x5,0,) 00 SU(3)/T' (K, 1).

From now on, we normalize SU (3)-invariant Riemannian metrics on
SU(3)/T(k,l) by putting Ay = 1, and denote by g(x, x,,\;) the metric
defined by

)\lB’ml + )\QB’m2 + AgB’mS + B|m4.

By virtue of (3.1), (4.4), (4.6) and (4.7), we obtain the following

result.

LEMMA 4.1. ([9]) Assume that (k,l) € D. Then the Ricci tensor
Ric on the Riemannian homogeneous space (SU(3)/T(k,1), g(x, r2,0))
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is given as follows:

Ric(Y;, Y;) =0 (i # j),
A2 =A% = A3 +6dNs (k4 1)?

Ric(Y1,Y1) = Ric(Ya, Ya) =

1220 hahs 8yM
| | R Rt el 2 2 R &
ic(Y3,Y3) ic(Ys, Ya) 1221 A2 \3 8vA2?’
. . A3? = A% = A% + 61N, k?

Ric(Ys,Ys) = Ric(Ys, Ys) = -
ic(Ys,Ys) ic(Ys, Yo) 121 A2 )\3 8vAs®’

. 1 ((k+D% 12 k?
et ) = g {5+ s

where 7 := k? + ki + [°.

The trace of the Ricci tensor Ric of a Riemannian manifold (1, g),
(i.e., >, Ric(ej, e;), where {e;}; is a (locally defined) orthonormal frame
on (M, q)), is called the scalar curvature of (M, g).

By virtue of Lemma 4.1, we get

LeEMMA 4.2. ([9]) The scalar curvature Sy, x, ;) of the Riemannian
homogeneous space (SU(3)/T(k,1),g(x; . a0.0s)), (K1) € D, is given as
follows:

g (A A%+ A3%) + 6(A1 A2 + Aods + Ash)
(ArA2,A3) = 6)\1)\2)\3
1 ((k+0D% 12 k?
~ 3 7 Tzt 3
8’}’ )\1 )\2 )\3

where v := k? + kI + 2.

4.4. A decomposition of the curvature tensor field on
(SUB)/T k1), 9(a1 20,0))

We retain the notation as in Section 4.3. Let V be the Levi-Civita
connection on the homogeneous space (SU(3)/T'(k,1),g(x, rs,05)) and
VR the curvature tensor field with respect to V.

For the sake of convenience, we use the following notations:
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Vo= Tirgeyy (SUR) /T, 1)),

Vogoupanglv) = (V. <, >), YVR=:R,

£(V):={L | L is a curvature-like tensor on V'},

L1(V):={Le&(V)|LX,Y)=cXAY for X,Y eV
and some ¢ € R},

L£,(V):={L € £(V) | the Ricci tensor of L is zero},
Lo(V):={Le&y(V) | <L, L' >=0forall L' € £,(V)}.
Then, we get the orthogonal direct sum decomposition of £(V') as fol-

lows:
LV)=1(V) @ Lu(V) ® L2(V).

So, the curvature tensor R at p,(= {T'(k,1)}) of the homogeneous space
(SU3)/T(k,1), g(r1,70,14)) is uniquely decomposed as

R=RWY 4 R 4+ R

(48) (RW € £,(V), R® € £,(V), R® € £,(V)).

The curvature-like tensor R appeared in (4.8) is said to be the Weyl ten-
sor (field) of the curvature tensor field R on (SU(3)/T'(k,1), gx; x0,03))-
Then, by virtue of (2.8), Lemmas 4.1 and 4.2, we obtain

THEOREM 4.3. Let R, R¥ and R® be the the curvature-like ten-
sors appeared in the curvature tensor R = RV + R¥ 4+ R®) (e £,(V) @
Lo(V) @ £2(V)) on (SU3)/T(k,1), g(ay xo,0g))- Assume that (k1) be-
longs to D. Then

1
RY(Y,Y;) = ES(,\I,AQ,A3)Y2‘ NYj,
1 . . 2
R(2)(}/M YVJ) = g{RIC(Y;) A Y} +Yin RIC()/})} - %S(M,)\z,)\a)m A Y}’

1
R(Y;,Y5) = R(Y;, Yy) = £ {Ric(Yi) A Y; + Y A Rie(Y;)}

1
+ %S(Al,h,)\s)yi NYj,

where {Y;}{_, is an orthonormal basis on (m,< , >) and S, ,x,) i
the scalar curvature of (SU(3)/T(k,1), g(x, ra2s))-
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In general, the Ricci curvature r of a Riemannian manifold (M, g)
with respect to a nonzero vector v € T'M is defined by

r(v) = Ric(v,v).
[Iv]l3
From Theorem 4.3, we get
COROLLARY 4.4. Let R® be the curvature-like tensor appeared in
the curvature tensor R = R + R* + R?) on (SU(3) /T (k, D)s 900 2003) )5
where (k,1) € D. Then the Ricci tensor of R(?) is given as follows:
1

Ric® (Y5, ) = == S(x a) 015 + Rie(Yi, V).

By the help of Lemma 4.1 and Corollary 4.4, we obtain
PROPOSITION 4.5. Assume that (k,l) € D, k> 1> 0, and
312
A<
~ 10(k? + Kl 4 1?)
n (SU(3)/T(k,1),g9xax))s A > 0. Then the Ricci curvature (2 of the

curvature-like tensor R? in the curvature tensor R = RY) + R¥ + R(2)
n (SU(3)/T(k,1), gian) is estimated as follows:

where 7 (Y;) = Ric?(Y;,Y;) fori=1,2,...,7.
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